A standard model for the study of scalar dispersion through the combined effect of advec-9 tion and molecular diffusion is a two-dimensional periodic flow with closed streamlines 10 inside periodic cells. Over long time scales, the dispersion of a scalar released in this flow 11 can be characterised by an effective diffusivity that is a factor Pe 1/2 larger than molec- We identify two asymptotic regimes and, for each, make predictions for the rate func- 
Introduction

32
The transport and mixing of constituents by fluid flows is a classical problem in fluid for small q or ξ (see Part I), this result is recovered in our large-deviation treatment.
153
To illustrate the limitations of the diffusive approximation, we show in Figure 3 corresponding to concentrations exponentially larger than those predicted by diffusion;
160
and a sharp increase in g for large ξ, corresponding to a localisation of the concentration.
161
The asymptotic theory presented in this paper explains these features.
162
Our derivation of the asymptotic form of f (q) for Pe 1 relies on a boundary-163 layer analysis of (2.4). Compared with that leading to the effective diffusivity (2.5),
164
this derivation is complicated by the presence of the parameter q. We identify two 165 different regimes, which we denote as I and II characterised by |q| = O(Pe −1/4 ) and 166 |q| = O(1), respectively. Regime I is suggested by the approximation (2.5), which implies 167 that f (q) ∝ |q| 2 = O(Pe −1/2 ) for |q| 1. In this regime, the eigenvalue f (q) is O(1)
168
and is determined by matching a non-trivial solution in the interior of the flow cells with problem for the whole of Regime I turns out to be identical to that arising in the ho-mogenisation approach and solved by Soward (1987) . However, it is only in the limit Introducing the expansions
for the eigenfunction and eigenvalue into (2.4), we obtain
The solution to (3.2)-(3.3) is straightforward: it corresponds to the expansion in powers
, where Φ is arbitrary. Thus, in each quarter-cell,
where the functions Φ j remain to be determined. In particular, higher-order terms in (3.5) are not periodic, but periodicity is restored through the rapid 205 variation of φ across the boundary layer. 
where 
216
As shown in Appendix A.1, the solution of (3.7) that is well behaved at the centres 217 ψ = ∓1 of the cell satisfies
Eq. (3.7) can be solved with this boundary condition and an arbitrary normalisation to 219 find a linear relationship between Φ 0 and its derivative near the separatrices:
This defines the function F(f 0 ) (Dirichlet-to-Neumann map) which in practice needs to 221 be computed numerically. The boundary-layer analysis carried out in the next section de-
222
termines the value of F(f 0 ) for a given q and hence gives the leading-order approximation 223 f 0 (q) to the eigenvalue.
224
The form of F(f 0 ) obtained by solving (3.7)-(3.9) numerically is shown in Figure 4 .
225
Note that the fact that F(f 0 ) is positive implies that the solution decays away from the 226 separatrices towards the centres of the cells. The asymptotic behaviour of F for large
In (3.12), λ is a function of f 0 defined as the solution of
given explicitly in terms of a Lambert function in (A 11), and α is a constant given in
230
(A 14). The crude approximation
is readily derived from (3.12) by neglecting the O(λ/ log λ) term and using the leading-
232
order approximation λ ∼ (2f 0 log f 0 ) 1/2 to the solution of (3.13). This approximation
233
is very poor, however, with a relative error decreasing to 0 only as 1/ log(log f 0 ). The 234 asymptotic approximations (3.11), (3.12) and (3.14) are compared with the numerical 235 solution in Figure 4 . This comparison validates the approximations and shows the im-
236
portance of the logarithmic corrections to (3.14). 
Boundary layer and matching
238
In the boundary layer surrounding the separatrices, rescaled variables need to be intro- 
244
The eigenvalue f and eigenfunction φ are expanded as in (3.1), with the latter now 245 regarded as a function of ζ and σ. Introducing into (2.4) gives The problem posed by (3.17)-(3.18) is identical to the so-called Childress problem that
250
arises in the computation of the effective diffusivity (Childress 1979 q 1 that is deduced from (3.12) is also shown (dotted curve). The diffusive approximation (3.21), which holds for q Pe −1/4 , is shown in the inset magnifying the small-|q| region (dashed line).
Appendix A.2. The key result is that
where ν is as given in (2.6).
254
The leading-order approximation to the eigenvalue f (q) is now obtained by matching 255 the interior and boundary solutions. Comparing (3.10) and (3.19) and taking the relation 256 between ζ and ψ (3.15) into account leads to
and hence
where F −1 denotes the inverse of F. This is the desired approximation to the eigenvalue on Pe 1/4 |q|, the isotropy of the dispersion, and more generally the validity of (3.20). The latter approximation is poor because of the neglect of logarithmic terms, but it is 275 useful in suggesting that f (q) is proportional to Pe/ log Pe when q is not small. The 
where u is evaluated on the separatrix. The solution can be written as
where
and the function ϕ satisfies the heat equation
See Appendix B.1 for details. Note that since φ is periodic, ϕ is not, but there is a simple 
Figure 6. Set-up of the boundary-layer analysis in regime II. The function ϕ + (σ, ζ) and ϕ − (σ, ζ) denote ϕ respectively inside and outside of the separatrix around the central quarter-cell. The heat equation (4.5) relates the functions ϕ ± (σ, ζ) immediately upstream of each corner, that is,
− , to the corresponding functions immediately downstream of each corner, that is, for σ = 6 + , 0 + , 2 + , 4 + . These functions are indicated explicitly in the lower left corner σ = 0 (omitting the dependence on ζ), and symbolically in the other corners with, for instance, +2− denoting ϕ
Eqs. can be formulated entirely in terms of ϕ
grouping these 8 functions, we show in Appendix B.1 that the problem can be written
Here L(q, f) is an 8 × 8 matrix, given explicitly in (B 9), whose entries are simple linear 315 integral operators.
316
Let µ(q, f) be the principal eigenvalue of L(q, f):
Then f and hence f are found as a functions of Pe by solving of order O(1/ log Pe); it is therefore preferable to use (4.10) instead. A heuristic improve-324 ment on (4.11) retains the factor 16 inside the logarithm to read
In practice, we can obtain µ(q, f) numerically by computing the eigenvalues of a dis- 
336
To illustrate the validity of (4.10) over a broad range of q, we compare in Figure 8 
Asymptotic limits
345
The asymptotics of f (q) for large and small |q| is of interest. For simplicity, we con- spent along the separatrix between these passages. From the current stagnation point 374 a particle may move along the unstable manifold to one of the two connected stagna-375 tion points. As a result, the dynamics is approximated by that of a random walk with 376 instantaneous jumps between neighbouring stagnation points. 
386
We emphasise that the validity of the approximation given here for |q| 1 is limited: 387 for |q| = O(Pe) or larger, terms of (2.4) that are neglected in our boundary-layer treat- In this section, we express the asymptotic results of § § 3-4 in terms of the rate function 397 g(ξ). This is straightforward, since it only involves taking the Legendre transform of the 398 (semi-)analytic formulas obtained for f (q); it is useful however because, according to 399 (2.3), the rate function directly provides the form of the scalar concentration.
400
The two regimes I and II identified for f (q) naturally have counterparts for g(ξ).
401
Regime I, which assumes q = O(Pe −1/4 ), is valid for |q| 1 and yields f (q) = O(1), is 
420
The scaling of g(ξ) is regime II can be obtained from (4.12) with the caveat that neglect 421 of some logarithmic terms limits the accuracy of the expression derived in this manner.
422
The orders of magnitude q = O(1) and f (q) = O(Pe/ log Pe) associated with regime II 
458
The asymptotic analysis of these eigenvalue problems in the large-Péclet-number limit 459 reveals two district regimes in the dispersion. It is useful to summarise the predictions 460 in these regimes using dimensional variables. Regime I holds for moderately large dis-
461
tances from the release point, specifically distances that satisfy |x| U t/ log Pe. It is 462 characterised by an isotropic concentration that is broader than Gaussian and is con- to be important for large reaction rates.
482
We conclude by noting that the form of the large-deviation theory used in this paper is We obtain the solvability condition (3.7) by integrating (3.4) along streamlines. To do 497 this, we introduce the time-like coordinate s such that
that is used in conjunction with the value of the streamfunction ψ. We first note that
where the integration is along a streamline, can be deduced from (3.5), specifically that 500 φ 3 is a sum of products of functions ofq · x and functions of ψ, and that fact that This equation can be integrated: using formula (19.4.2) in DLMF (2010) we obtain
where E (ψ) = E( 1 − ψ 2 ) is a complete elliptic integral of the second kind.
512
The following properties of a(ψ) and b(ψ) are useful:
In particular, using (A 5), a Frobenius expansion shows that solutions of (3.7) bounded 514 at ψ = ∓1 have the form
where C in arbitrary constant (the other solutions have a logarithmic singularity). This 516 leads to the boundary condition (3.9).
517
We now consider the solution of (3.7) in the limits f 0 → 0 and f 0 → ∞ and derive the 518 asymptotic expressions (3.11)-(3.12) for F(f 0 ). For f 0 → 0, Φ 0 = 1 + O(f 0 ); introducing 519 this in the right-hand side of (3.7), integrating and imposing boundedness gives
which satisfies the Riccati equation
The solutions of interest decay with |ψ| and are approximated by Introducing (A 9) transforms (A 8) into
where we assume Ψ = O(1). We solve this equation perturbatively: the expansion
where R 1 (ψ) remains to be determined, satisfies (A 12) to leading order. At the next 534 order, we find
The solution that is bounded as |Ψ| → ∞ takes the form
where Ei is the exponential integral (e.g. DLMF 2010). Evaluating at Ψ = 0 gives
where γ is Euler's constant. After introducing this result into (A 13), we find from (A 9),
538
(A 6) and (A 4) that
, where α = 3 log 2 + 2γ 4 = 0.8084682178 · · · . (A 14) A.2. Boundary-layer solution
540
The boundary layer equations (3.17)-(3.18) are essentially identical to those to be solved 541 to compute the effective diffusivity using a homogenisation approach. Thus the solution 542 follows closely Childress (1979) and Soward (1987) and is detailed here for completeness
543
(see also Childress & Soward 1989 ).
544
Since the solution is identical in the quarter-cells with the same sense of flow rotation, 0 < σ = 1 − cos x < 2 for y = 0, 2 < σ = 3 − cos y < 4 for x = π, 4 < σ = 5 + cos x < 6 for y = π, 6 < σ = 7 + cos y < 8 for x = 0.
in the + quarter-cell, while 548 0 < σ = 1 − cos x < 2 for y = 2π, 2 < σ = 3 − cos y < 4 for x = π, 4 < σ = 5 + cos x < 6 for y = π, 6 < σ = 7 + cos y < 8 for x = 0.
in the − quarter-cell. Eqs. (3.17)-(3.18) are solved in these two quarter-cells. This leads
, that need to be matched across the separatrice ζ = 0.
550
Using periodicity, the matching conditions are found to be
, 0) for 2 < σ < 4, 6 < σ < 8, with the φ ± k periodic with period 8 (see Fig. 1 ).
552
Using that φ 0 = Φ 0 (0) is a constant, (3.17) is written explicitly as that is,
the solution to (A 15)-(A 18) can be written as
where (σ, ζ) satisfies 562 ∂ 2 ζζ − ∂ σ = 0, ∂ ζ (σ, 0) = 0 for 0 < σ < 2, 4 < σ < 6, (σ, 0) = −G(σ) for 2 < σ < 4, 6 < σ < 8.
Since G(σ) = π/2 for 2 < σ < 4 and G(σ) = −π/2 for 6 < σ < 8, 
566
The solution (A 20) can now be introduced into Eq. (3.18) satisfied by φ 2 in order to 567 obtain ∂ ζ φ 2 as ζ → ∞. We first rewrite (3.18) as To solve (4.2), we note that ∂ σ (·) = u · ∇(·)/|u| 2 , hence ∂ σ x = u/|u| 2 , and that H(σ)
The undifferentiated terms in (4.2) can therefore be integrated explicitly to obtain (4.3)-
581
(4.5). The periodicity of φ and the symmetry of the system imply the relationships 582 ϕ(x + kπ, y + lπ) = e −π(kq1+lq2) ϕ(x, y), (B 1) for all integers k, l with k +l even. This makes it possible to deduce ϕ in all the boundary 583 layers from its form ϕ ± on the interior and exterior sides of the boundary layer of the 584 quarter-cell with centre at (π/2, π/2).
585
We now obtain condition (4.6) governing the jump in ϕ at each corner. For definiteness, Note that we retain the factor ζ f although it is asymptotically small since f → 0 as 595 Pe → ∞. This is because this leads to logarithmic corrections to f (q) which are not 596 negligible for large-but-finite Pe.
597
Downstream of the corner the analogous matching corresponds to the limit X ∼ for any function h(ζ).
608
Relations analogous to (B 6) can be written down for ϕ ± (4 − , ζ), ϕ ± (6 − , ζ) and ϕ ± (8 − , ζ) = as is verified below), the right-hand side of (4.2) and the jumps (4.6) are negligible. Combining (4.11), (B 11) and (B 12) yields the approximation (4.13).
632
For |q 1 |, |q 2 | 1, the eigenvalue problem (4.9) simplifies dramatically. For definiteness,
633
we assume q 1 , q 2 > 0. In this case, a (f), whereμ(f) is the eigenvalue of ζ f H − and (4.14) follows.
